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ABSTRACT 
A nonnegative n x n (n > 1) matrix A is said to be reducible if there is a 
permutation matrix P such that PAPT is of the form E 0 
[ 1 C B , where E and B are 
nonvoid square matrices. A nonnegative matrix A is stochastic if each row sum is 1. 
Suppose A is an n x n reducible matrix which has a stochastic power, i.e., there is a 
smallest integer p such that AP is stochastic. Let A,, A,, A,, . . , A, be the isolated 
irreducible blocks of matrices on the main diagonal of the normal form of A. Then 
there are smallest positive integers, p,, p,, p,,. . . , pg such that AI;l, AP,z, Ap3”, , A? 
are all stochastic and p is the least common multiple of p,, pa, p,,. , pp. 
1. INTRODUCTION 
The problem considered in this paper was motivated by David London’s 
work [2] on the stochastic powers of nonnegative irreducible matrices. 
London considered necessary and sufficient conditions under which a nonsto- 
chastic nonnegative irreducible matrix has a stochastic power. The problem 
of this paper is to find a necessary condition for a nonnegative reducible 
matrix to have a stochastic power. 
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Every reducible matrix can be put, by means of simultaneous permutation 
of rows and columns, in the form of the right hand side of the following: 
NA = 
Al 0 0 0 0 
0 AZ 0 0 0 
0 0 -4, 0 0 
0 0 ..: 0' 4. 0 






where the submatrices A,, A,, . . . , A, are square and irreducible. The matrices 
A,, As,..., A, are said to be isolated, and As+r,. . . , A, are said to be 
nonisolated. Further, NA is called the normal form of A. 
Consideration of reducible matrices in the style of London’s work has 
proved to be very difficult, since not all main diagonal blocks need be 
isolated. Hence only a necessary condition for a stochastic power is consid- 
ered in this paper. The sufficient condition remains unsolved. This problem is 
a trivial application of London’s work if all blocks are isolated. 
2. TOOLS AND SOME KNOWN RESULTS 
London’s result [2] is assumed for each of the isolated irreducible blocks, 
since if there is a positive integer p such that AP is stochastic, it is clear that 
A$‘, i=1,2 ,..., g, are stochastic. 
THEOREM 1 (Perron-Frobenius [l, pp. 53-571). Each of the irreducible 
blocks on the main diagonal of NA has a simple dominant root. 
THEOREM 2 [l, p. 661. Zf A is a nonnegative square matrix, then A 
always has a nonnegative root r such that the moduli of all other roots of A 
do not exceed T. To this maximal root r there corresponds a nonnegative 
eigenvector. 
THEOREM 3 [l, p. 771. Zf A is a nonnegative reducible matrix in a 
norm& form (l), then A has a positive vector corresponding to the dominant 
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root r if and only if each isolated block on the muin diagonal has r as its 
dominant root and none of the nonisolated blocks does. 
3. RESULTS 
LEMMA 1. Let A be a nonnegative matrix for which there is a positive 
integer p > 1 such that AP is stochastic. Then A has a positive vector 
corresponding to the dominant root of A. 
Proof. Since AP E D,, (the set of a.lI nonnegative stochastic matrices), 1 is 
a dominant root of AP. Corresponding to 1 is the positive vector u, = 
(Ll,..., l)r, the n-tuple vector having entries 1. Since the spectrum of AP is 
the pth power of the spectrum of A, 1 is also the dominant root of A. 
Now A%, = Zu, implies that (AP - Z)u, = 0. Hence (A - I)( AP-’ + 
AP-2+ . . . + Z)u, = 0. Let v = (AP-’ + Ap-’ + . + . + Z)u,; then (A - Z)v 
= 0, so Au = v. Since Zu, > 0 and A&, > 0 for all j,v > 0. We have 
consequently, by Theorem 3, shown that if A has a stochastic power, then all 
isolated main diagonal blocks of NA has 1 as a dominant root and none of the 
nonisolated ones does. n 
LEMMA 2. Let A be an n X n reducibZe matrix of the form 
E 0 
[ 1 C B’ 
where E and B are square matrices of dimension, respectively, k and n - k. 
Suppose that A has a dominant root of 1 and I,_, - B is non-singular. Then 
Z n_k - BP is nonsingrdar for any positive integer p. 
Proof. 
AP= EP 0 
[ I D BP’ 
where D = ~~&lB’CEP-‘-’ and B” = In-k, E” = I,. 
If r is a root of BP, then r is a root of AP. 
Since I,_, - B is nonsingular, 1 is not a root of B. Suppose I,_, - BP is 
singular. Then 1 is a root of BP. Hence, 1 is the dominant root of BP. By 
Theorem 2, (Zn_k - BP)y = 0, where y 2 0 and y z 0. Therefore, 
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(zn_k- B)(z"_,+ B+ B2+ ... +BP-')y=O. For each i=1,2 ,..., p-l, 
B’y > 0 and Z,_,y # 0. Hence, (Zn_k + B + B2 + . . . + BP-‘)y # 0. This 
means that 1 is a root of B, which is a contradiction. n 
We now proceed to the main result. Let us partition NA into matrices 
E, B, C as follows: 
E= 
A, 0 0 . 
0 A, 0 . 
0 . . . 
A g+l 0 
A g+%g+l A g+2 
B= . 





0 . . . 0 
0 . . . 0 
. . 
. 7 
. . . 
. 0 
. . . As 
Hence 
(2) 
Clearly, a stochastic power of NA is a stochastic power of A. If there 
exists a stochastic power of NA, then by Lemma 1, NA has a positive vector 
corresponding to the dominant root, 1. Hence by Theorem 2, each of the 
isolated main diagonal blocks has a simple (Theorem 1) dominant root, 1, 
while none of the nonisolated blocks does. Therefore I,_, - B is nonsingular. 
Hence by Lemma 2, I,_, - BP is nonsingular, where p is a stochastic power 
of NA. Keeping the above argument in mind, we proceed to the next lemma. 
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LEMMA 3. Let A be a nonnegative reducible matrix of the form (2), and 
suppose C # 0. lf E E D,, then for some positive integer p, AP E D,, if and 
only if A E 0,. 
Proof. Clearly, if A E D,, then AP E D,, for any positive integer p. 
Conversely, if AP E D,, then we have that 
I 
p-1 
c B’CEp-1-l BP 
1-O 
Since E E D,, we have Eiu, = ukr j = 1,2,. . . , and hence 
1 B’CEP-‘-‘I+ + BPu,_, = u,_k 
l=O 
reduces to the equation 
p-1 
c B’CU, + BPu,_, = u,_k. 
I=0 
Therefore, 
(I,_, - BP)(Z,_k - B) -‘Cuk = (I,_, - BP)U,_k. 
As argued already, I,_, - BP is nonsingular. Hence, (I,_, - B)- ‘Cuk = 
u n _ k. This implies that Cu, + Bu, _ k = u, _ k. Hence, A E 0,. l 
From now on, we shall need only Lemma 3 and the next theorem to 
prove the main result of this paper. AU our earlier work has been to develop 
Lemma 3. Also, it is important to point out that the next theorem is true for 
any square matrix. 
THEOREM 4. Let A be any n x n matrix fm which there exists a smullest 
positive integer p such that AP E 0,. Zf h is any positive integer for which 
Ah E D,,, then p divides h. 
Proof. Write h = kp + 9, where k and 9 are ‘integers and 0 < 9 < p. 
Suppose 9 > 0; then Ah = Akp+q and Ahu, = AkP’+%,, = u,, since Ahu, = u,. 
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Now AkP = (Ap)k and is clearly stochastic. Hence APku, = u,. Therefore, 
u = AqAkq, = A’-Iu 
Gnimality oi p. 
,,. This implies that Aq E D,, and contradicts the 
n 
THEOREM 5 (Main result). Let A > 0 be an n X n reducible matrix in the 
form (l), and suppose that there exists a smallest positive integer p such that 
AP E D,,. Let A,, A, ,..., A, be the isolated irreducible main diagonal blocks 
of N', and P,, P,,..., pg the smallest stochastic powers of A,, A,,. . . , A,, 
respectively, g < s. Then p is the least com~n multiple of p,, p,, . . . , pg. 
Proof. We use 
NzEo A [ 1 C B 
as in (2). 
Case 1. If g = s, then C = 0. Suppose m is the least common multiple of 
pl,p2,...,p,; then m=k,p,=k2p2= *+. =k,p,. Since NAPED”, we have 
AT ED,,, i = 1,2 ,..., s. By Theorem 4 each pi divides p. Hence p is a 
common multiple of p,, p,,. . ., p,. NOW NT E D,, since A$lp- E D,,, i = 
l,Z,..., s. Hence p = m. 
Case2. Ifg<s,thenC#O.Usingm,p, k,,andp,,i=1,2 ,..., g,asin 
case 1, Em E D, and EP E D, where p >, m. By Theorem 4, m divides p. 
Now N; = Nrk for some positive integer k. Further, NAp E D, implies 
(NA”)k E 0,. tiso, I,_, - B’” is nonsingular. Therefore, by Lemma 3, NT E 
0,. This contradicts the minimality of p. Hence p = m. W 
COROLLARY 1. Let A be a reducible nonnegative matrix, and let NA be a 
norm& fnm of A as in (1). Zf g = 1 and A 1 is stochastic, then the stochastic 
power of A is 1. That is, if A 4 D,,, then A?-’ g D,, for all positive integer p. 
COROLLARY 2. No positive power of nonstochastic nonnegative lower 
(upper) triangular matrix is stochastic. 
Theorem 5 actually means that the stochastic power of a nonnegative 
reducible matrix can be determined from the stochastic powers of the isolated 
blocks. London’s theorem for irreducible matrix provides the stochastic 
powers for the isolated blocks. If the least common multiple of those 
stochastic powers is not a stochastic power of the entire matrix, then the 
entire matrix has no stochastic power. 
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